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A crowded airspace involves large numbers of airplanes interacting with each other. In general, the
dynamic behavior of the system is quite complex and conventional mathematical modeling is dif� cult.
Here, a generic air traf� c model is used to investigate the application of the notion of self-organized
criticality. An example of a crowded two-dimensional airspace near an airport is studied. The results
show that a crowded air traf� c system exhibits the characteristics of self-organized criticality.

Introduction

W ITH the rapid increase of air traf� c going into the 21st
century, the airspace near major airports will become

more and more crowded. There is an urgent need to understand
the dynamics of the air traf� c system at or near its saturated
state.

Current approaches in the analysis of air traf� c systems are
mainly based on simulation.1– 4 The lack of an analytical ap-
proach is because of the dif� culty in modeling the complicated
interactions among a large number of airplanes. However,
there exist some new ideas that have been used successfully
in other � elds to model complex dynamic systems. One of
them is self-organized criticality (SOC).

The concept of SOC was developed by Bak et al.5 to explain
the behavior of complex systems, those containing millions of
elements that interact over a short range. Typical examples of
such systems are earthquakes, avalanches, stock markets, and
ecosystems.6 Those dynamic systems with many interacting
degrees of freedom may organize themselves into a marginally
stable critical state. At this SOC state, the system is able to
produce a wide range of � uctuations or avalanches. In other
words, it can spontaneously generate structures or events of
many different sizes. A metaphor for the idea of SOC is a
sandpile, which will be described in the next section.

Bak et al. used a simple computer model to simulate the
sandpile and concluded that it is SOC. Many other scientists
have since conducted experiments on real sandpiles7– 11 and
other similar systems such as rice piles.12 Bak13 used one chap-
ter in his book to compare all of the experiments. Other authors
have applied the SOC concept to various � elds. A list of ref-
erences can be found in Bak’s book.13 However, the SOC con-
cept has not been applied to air traf� c problems.

Musha and Higuchi14 conducted measurements on Japanese
highway traf� c. The results showed an 1/ f spectrum in the
Fourier-transformed density � uctuations. 1/ f noise, which has
been detected in many physical phenomena such as earth-
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quakes and avalanches, is a classic problem in physics. The
original motivation of Bak et al.5 to develop the SOC model
is to explain the widespread occurrence of 1/ f noise. In recent
years, Nagel et al.15–17 successfully showed that the engineer-
ing problems in large, urban highway systems can be explained
by SOC.

However, air traf� c problems are different from highway
traf� c problems in many ways. The most signi� cant one is that
an airplane cannot stop and go or change its speed as quickly
as a car. Therefore, the model used in Nagel’s papers cannot
be applied to air traf� c problems. Another major difference
between the two systems is that a car is con� ned to the high-
way, while an airplane is free to move in space.

In this paper the concept of SOC is � rst reviewed using the
sandpile model. The dynamic behavior of the air traf� c system
is discussed next. An air traf� c model is examined for the
features of SOC. A near-airport simulation is then conducted
to demonstrate the model.

Self-Organized Criticality — Sandpile Model
A pile of sand is a deceptively simple model that serves as

a paradigm for self-organized criticality. Imagine that a sand-
pile is built by a device that can place one grain of sand at a
time on a � at, horizontal platform. At the beginning, the sand
particle just rests where it lands; it is stable. If the sand grains
are continuously added to the platform, eventually one particle
will land on top of one already there. In this case, it is unstable
and the sand grain will fall off to one side. This is a micro-
scopic avalanche.11

As sand particles are continuously added to the platform, a
sandpile will start to form. When the slope of the pile is small,
it is stable and the sand grains will stay where they are sprin-
kled. As more sand grains are added and the slope of the sand-
pile increases, it is more likely that the newly added particle
will be unstable and start to move after it lands. When one
particle moves and hits another particle, it may start a chain
reaction, i.e., an avalanche. The avalanche may be small (af-
fects fewer particles) or large (affects more particles). The
larger the slope of the sandpile, the higher the possibility of
triggering a large avalanche. The slope of the sandpile will
decrease after the avalanche. Because the sand grains are con-
tinuously added to it, the slope of the sandpile will be gradu-
ally reinstalled.

This process will persist until the steady-state angle is
reached where, for every particle that is added to the pile, an
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Fig. 2 Example of the undisturbed � eld. The possible collision
threat positions for airplane No. 11 are enclosed by the dotted-
line diamond.

Fig. 1 Possible collision threat posi-
tions.

average of one particle will fall off the edge of the platform.11

In reality, sand grains do not leave the platform one at a time,
but rather do so in avalanches. Therefore, the size of the sand-
pile � uctuates. This phenomenon implies that the sandpile
slope has a critical value.11 If the slope of the pile is smaller
than the critical value, the possibility of an avalanche is small,
and the addition of sand grains will increase the slope. On the
other hand, if the slope of the pile is larger than the critical
value, the addition of sand grains will likely trigger large av-
alanches that will bring the slope back to the critical value.
The critical point is self-organized; hence, the name self-or-
ganized criticality.

There are three major features in an SOC system.5,6 First,
the critical state is robust with respect to any small change in
the rules of the system. In the sandpile example, whether the
particles are dry sand, wet sand, even snow� akes, the dynam-
ics are similar. Second, the system exhibits fractal structure.
In other words, the sandpile has all-length and self-similar av-
alanches. Third, the system generates noise. If the weightb1/ f
of the sandpile is measured with respect to time, its low-fre-
quency power spectral density displays a power-law behavior
over vastly different time scales.

Dynamic Behavior of Air Traf� c System
In a highway traf� c jam model,15–17 a car changes its speed

reacting to the distance of the car in front of it. When there is
a large number of cars in a traf� c jam, the complicated inter-
actions among cars can be explained using SOC. The air traf� c
system is essentially different from the highway traf� c system,
in that airplanes cannot stop and go or change their speed as
fast as cars. They usually follow the preset � ying pro� les
(courses and speeds). The major interaction between two air-
planes is collision avoidance. The maneuver involved is
mainly the change of direction. Based on this feature, the air
traf� c system behavior is analyzed in the following text.

When one airplane is � ying too close to another airplane, there
is a possibility of collision. Both airplanes will receive alarms
from their own devices and/or from the air traf� c controller. Both
pilots have to change their airplane’s direction or altitude to avoid
collision. To simplify the analysis, we only use direction change
so that the problem is reduced to a two-dimensional one. Also,
we only consider the sudden encounter of the colliding airplanes.
Predicting the colliding possibility from a long distance and
changing the course to avoid it is not considered.

If an airplane is moving without any collision possibility, it
can maintain its course and is therefore in an undisturbed state,
which is analogous to the stable state in the sandpile model.
When another airplane appears nearby, the original airplane
needs to react to this collision threat, and its state is changed to
a disturbed state. As a matter of fact, both involved airplanes
are disturbed. If the disturbance moves one of the disturbed
airplanes to the vicinity of a third airplane, the third airplane
also becomes disturbed. It may start a chain reaction.This process
is analogous to the avalanche in the sandpile model. The propa-
gation of disturbance lessens when all airplanes have maneuvered
out of collision possibilities and returned to their courses.

How far the disturbance can propagate, or how many air-
planes will be disturbed, depends on the local crowdedness of
the airspace. If the airspace is overcrowded, the possibility of
large disturbances will be high. Once disturbance starts it will
persist until some airplanes are driven away. After the crowd-
edness of the airspace is reduced to a certain level, the distur-
bance can die down. If the airspace is undercrowded, the dis-
turbance, if any, will be minor and die down quickly. New
airplanes can enter the airspace until the number reaches a
critical value.

From the preceding analysis, the air traf� c system suggests
some basic characteristics of self-organization. Next, a generic
model will be used to examine the applicability of self-orga-
nization criticality to the air traf� c system.

Air Traf� c Model
We have developed a simple, generic model for this purpose.

The airplanes in the model must have the ability to 1) avoid
collision; 2) stay in a certain region; and 3) move toward a
target, e.g., an airport or a certain direction.

The discrete event model is described as follows. The � eld
is a two-dimensional rectangular grid system. At each step of
time, the airplane moves from one grid point to the next one
along the grid line (no diagonal motion). When two (or more)
airplanes enter the same grid point at the same time, or two
entities move over the same grid line at the same time, there
is a collision. The possible collision threat positions are shown
with x marks in Fig. 1. When at least one other airplane oc-
cupies one of those positions the airplane at the center of Fig.
1 is said to be under collision threat(s). The rules that decide
how the airplanes move have the following priorities: 1) avoid-
ing collision, 2) staying in the � eld, and 3) moving toward a
preset target or a preset direction. The rules to avoid collision
are listed in the Appendix.

The following example is used to illustrate the system be-
havior of the airspace model described in the previous section.
The � eld and airplanes are shown in Fig. 2. The dotted-line
diamond in the � gure represents the collision threat positions
of airplane No. 11. Because no other airplane is within that
diamond, airplane No. 11 is undisturbed. As a matter of fact,
all airplanes in the � eld are undisturbed. All airplanes are � y-
ing from the left edge of the � eld to the right edge of the � eld.
After reaching the right edge, the lifetime of the airplane is
over. However, new airplanes appear on the left edge. The � eld
has a stable number of airplanes.

If one airplane, airplane No. 2 (circled by a dotted line), is
out of place, as shown in Fig. 3a, airplanes Nos. 4 and 8 are
disturbed and have to react to the collision threat. As those three
airplanes start to change courses, other airplanes are disturbed,
triggering an avalanche. After a period of time the � eld even-



LIN, SISTI, AND CHOW 303

Fig. 3 a) The � eld as initially disturbed by airplane No. 2, and
b) the positions (marked by x) that are disturbed before the dis-
turbance dies down.

Fig. 4 a) The � eld as initially disturbed by airplane No. 2, and
b) the positions that are disturbed before the disturbance dies
down.

tually will return to the undisturbed state. Figure 3b shows the
positions of the airplanes that are disturbed by the avalanche.

Figure 4 shows another example of � eld disturbance. In Fig.
4a the airplanes are in a pattern similar to the pattern in
Fig. 3a, except that there is a wider gap between the upper
and lower groups. The same airplane (No. 2) is out of place.
Figure 4b shows the positions that are disturbed before the
disturbance dies down. Comparing Fig. 4b with Fig. 3b, it is
easy to see that the lower group is completely undisturbed.
Apparently, the gap prevents the disturbance from propagating
from the upper group to the lower group. Therefore, it is evident
that local crowdedness decides the size of the avalanche, which
is analogous to the role of the slope in the sandpile model.

If the preceding examples are repeated with different levels
of local crowdedness, the number of airplanes that are dis-
turbed will vary, and the � nal patterns (Figs. 3b and 4b) will
be different. Simulation results show that the sizes of ava-
lanches cover a wide range.

Another consequence of the disturbance is that the number
of airplanes in the � eld will � uctuate. The mechanism of the

� uctuation is explained as follows. Once an airplane is dis-
turbed and changes its course, the lifetime of the airplane in-
creases; that is, it stays in the � eld longer because of the de-
tour. The number of airplanes in the � eld will increase.
However, if the disturbance propagates to the left side of the
� eld, new airplanes cannot enter the � eld because of the col-
lision threats from those disturbed (out-of-place) airplanes. The
number of airplanes in the � eld will decrease. Another possible
reason for decreasing numbers, although it did not happen in
the examples shown in Figs. 2 – 4, is that some airplanes may
be driven out of the � eld in the wake of disturbance.

Example: Crowded Airspace near an Airport
Figure 5 shows the � eld of the airspace near an airport. The

� eld is a 21 3 21 square. The position of the airport is rep-
resented by a circle. After every unit time step (1 s is arbitrarily
picked as the time step) one new airplane enters the � eld from
one of the edges. The entering position is randomly picked.
All airplanes are � ying toward the airport unless they are dis-
turbed. Once an airplane reaches the airport, or is forced out



304 LIN, SISTI, AND CHOW

Fig. 5 Field of airspace near an airport.

Fig. 6 Number of active airplanes vs time.

Fig. 8 Power spectral density (128 averages) of steady-state num-
ber of active airplanes, airport open.

Fig. 7 Steady-state number of active airplanes.

of bounds in disturbance, its lifetime is over. The airplanes that
are still in the � eld are called active.

The main difference between this example and the example
in Fig. 2 is that, as the airplanes approach the airport, the local
crowdedness around the airport increases. After a minor dis-
turbance far away from the airport dies down, the airplanes
may again be involved in another disturbance as they � y closer
to the airport. As the � eld is very crowded, there may be many
disturbances all over the � eld. The in� uence regions of the
disturbances overlap each other. It is very dif� cult to analyze
each individual disturbance alone. This is also the major dif-
ference between this model and the sandpile model. In the
sandpile model, once the avalanche is over, all sand grains will
remain at their positions until a new sand grain triggers a new
avalanche.

Because of the dif� culty in analyzing each individual dis-
turbance, a global approach is used. The total number of active
airplanes is recorded at each time step (1 s). This is analogous
to the sandpile model, where the weight of the sand on the
platform is measured with respect to time. Figure 6 shows the
results for the � rst 400 s. At the beginning, airplanes enter the

� eld at a constant rate and they all stay in the � eld. The num-
ber of active airplanes increases linearly. After a while some
airplanes reach the airport, while some are forced out of the
� eld. The number of active airplanes starts to level off. Be-
cause the landing rate is lower than the rate of new airplanes
entering the � eld, the � eld becomes more and more crowded.
The scale of disturbance increases and many airplanes are
driven off the � eld. After the crowdedness of the � eld is re-
duced, the scale of disturbance is small. The number of air-
planes in the � eld starts to increase again. Therefore, the
steady-state value � uctuates. Figure 7 shows the steady-state
number of active airplanes for a long period of time. The
noise-like � uctuation is evident. Figure 8 shows the power
spectral density of the steady-state � uctuation in a log– log
diagram. It can be approximated by a straight line with a 21.9
slope. It � ts in the model of noise. This is another char-2 bf
acteristic of SOC.

To examine the robustness of the criticality, the system is
changed as follows. The airport in Fig. 5 is closed because of
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Fig. 9 Power spectral density (128 averages) of steady-state num-
ber of active airplanes, airport closed.

Fig. A1 Disturbance positions and the
allowed moves.

Fig. A2 Disturbance positions and the
allowed moves.

bad weather. The airplanes still � y toward the airport but they
are not allowed to land. Other conditions remain the same.
Figure 9 shows the power spectral density of the steady-state
� uctuation in a log– log diagram. The numbers may not be
identical, but the fact that it satis� es a power law noise21.9f
pro� le remains the same.

In the preceding model, the assumption that airplanes enter
the � eld from random directions may not sound very realistic.
In real life an air traf� c system is usually controlled and
scheduled. However, the appearance of an unexpected airplane
that disturbs a given airspace is random. The purpose of our
model is to study the results of the disturbance in different
crowdedness of the airspace. A randomly generated airplane
distribution, after a long time, will cover all levels of crowd-
edness.

Conclusions
This paper has established that the dynamic behavior of a

crowded two-dimensional airspace can be explained by a
SOC model. The air traf� c system looks very different from a
sandpile. The sand grains in a sandpile rest at their respective
stable positions after a disturbance. In the air traf� c system,
however, the airplanes keep moving. Despite the difference,
they are analogous, as has been shown many times in this
paper.

The parameter that decides the critical state in an air traf� c
system is its local crowdedness. In this paper, the author
did not establish a numerical value of the critical local
crowdedness. The actual value will depend on the rules of
collision avoidance. In the generic model used in this paper,
the pattern shown in Fig. 2 is very close to the critical local
crowdedness.

The importance of realizing that an air traf� c system exhibits
the behavior of SOC is that it sets an absolute upper limit for
the airspace crowdedness close to an airport. Below this value,
the possibility of large disturbance is very low. The actual
upper limit used should be lower than this critical value. How
much lower will be decided by the tolerance of the distur-
bance.

In this paper, the authors have only studied two-dimensional
airspace. A three-dimensional airspace model can be obtained
from the direct extension of the two-dimensional model.

Appendix: Rules for Collision Avoidance
When there is an airplane in one of the collision threat po-

sitions, the allowed maneuvers are as follows. Figure A1
shows the disturbance coming from one of the x-marked po-
sitions. The arrows show the three allowed maneuvers. The
rules encourage, but do not require, the airplane to move away
from the threat (to the right in the � gure). Sometimes, if one
of the other two directions takes the airplane closer to the
airport, it may be chosen. A weighting factor is added to make
the decision.

Figure A2 shows another possible collision threat position
and the allowed maneuvers. There is no preference between
these two moves. Other factors, such as which move brings
the airplane closer to the airport, will decide the maneuver.
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